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ABSTRACT

" 'The structure of second-order processes is exposed by
specification of whitening filters and modeling filters, or
equivalently by Cholesky decompositions of the covariance matrix
and its inverse. We shall show that these filters can be obtained as
a cascade of lattice sections, each specified by a single so-called
reflection coeflicient parameter. For stationary processes, the
reflection coeflicient will be time-invariant. For nonstationary
processes we can use the displacement rank concept either to find
a simple time-update formula for the reflection coeflicients or to
replace them by a time-invariant vector reflection coefficient of
size governed by the displacement rank of processes.

These results are obtained in a quite direct way by using a
geometric (Hilbert-space) formulation of the problem, combined
with old results of Yule (1907) on update formulas for partial
correlation coefficients and of Schur (1917) and Szego {1939) on
the classical moment problem.
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1. INTRODUCTION

In recent years there has been considerable interest in lattice filters for
signal processing. Though such structures had been well studied in network
theory as, for example, in the wave digital filters of Fettweis (see, e.g., Fettweis
et al. (1974)) and especially in the cascade synthesis of multiport networks
(Dewilde (1969)), the first applications in on-line adaptive signal processing were
apparently made by ltakura and Saito (1971) in the field of speech analysis. Lat-
tice filter models were also familiar in geophysical signal processing as ‘layered
earth models' (see, e.g., Robinson (1967)); Burg ({1970). unpublished) explicitly
suggested lattice filter models for the implementation of a spectral estimation
technique based on the maximum _ntropy principle (Burg (1967). see also Alam
(1978)). The lattice filters used in these works were based on the assumption of
an underlying stalionary process, and though in fact the filters were applied to
deterministic and nonstationary proceéses. it was believed that then the lattice
solutions were suboptimal (see e.g., Makhoul (1977)). Morf and Vieira (see Morf,
Vieira and Lee (1977). Vieira (1977)) were the first to show that the optimal solu-
tions to certain (so-called prewindowed) nonstationary model fitting problems
could be obtained in lattice form, though with time-variant lattice param;t.ers
(reflection coeflicients). These lattice filters demonstrated excellent tracking
capability and rapid convergence (see, e.g., Morf and Lee (1978) (1979), Satorius
and Pack (1981), Hodgkiss and Presley (1981)). A recent thesis by Lee (1980)
and a paper by Lee, Morf and Friedlander (1981) present a number of efficient
normalized versions of the prewindowed lattice (which they call ladder) algo-
rithms. A forthcoming paper by Porat, Friedlander and Morf (1982) presents a

similar comprehensive analysis of the so-called “covariance” lattice algorithms.

In Section 3 of this paper we shall show that these results on the pre-

windowed and covariance algorithms can be embedded into a more general




T

ATR FORCE OFFICE OF SCIENTIFIC RESEARCH (AFSC)

NOTICE OF TRANSMITTAL TO DTIC

This technic~l report has beenrevievwad 2and is

approved for mubliec velesse TAVAFR 133-12,

Distribtution i- uniimited.

MATTHEW J. KrR7TER

Chief, Technical Information Division
theory of time-variant lattice filters for nonstationary stochastic processes. We
shall start in Section 2 by showing that lattice filters can be set up for determin-
ing the innovations of any (second-order) process; however, the computational
effort is O(N®), where N is the number of observed random variables, and this
is the same as for any other method (e g., direct Gram-Schmidt orthogonaliza-
tion) of determining the innovations. Of course, the lattice structure has vari-
ous advantages: modularity, local interconnections, simple checks for stability,
reduced sensitivity to parameter and roundoff errors. We may note that some of
these nice properties arise from the fact that the lattice algorithms are a form
of Modified Gram-Schmidt algorithm, which is known to have better numerical
properties than the direct Gram-Schmidt procedure (see, e.g., Stewart (1973)).
However, our major point is that order of magnitude reductions in the computa-
tional burden can be obtained by introducing the concept of displacement rank
as a measure of nonstationarity, in particular, we shall use the displacement
rank to obtain a general time-update formula for the reflection coefficients. The
derivation is quite direct and elegant, calling upon an old identity, due to Yule
(1907). on partial correlation coeflicients and a geometric characterization, due
to Delosme and Morf (1980), of displacement rank via so-called "pinning vec-
tors”, which were introduced by Sidhu and Kailath (1975) in connection with the
Chandrasekhar equations (Kailath (1973), Kailath, SidhuMort (1973)). While
inputs from a number of people (especially D. T. L. Lee, M. Mor{, D. R. Morgan, J-

M. Delosme) contributed to the development, our presentation follows one put

together by H. Lev-Ari, and to appear in his thesis (Lev-Ari, (1982)).

In the final section of this paper, we shall show how the displacement rank
can be exploited to obtain a different kind of simplification—a time-invariant lat-
tice filter but with somewhat more complicated sections, having a—1 delays

per section rather than just one, where a is the displacement rank. This result
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was first obtained as a consequence of the generalized Levinson algorithm
derived by Friedlander et al. (1978), (1979). The original derivation was quite
lengthy and relied heavily on insights from the state-space Chandrasekhar equa-
tions; in the meantime, through contributions from Dewilde, Vieira, Porat, Genin,
Delosme, Dym and others, and especially Lev-Ari, a much clearer view has
emerged. Certain classical results of Schur on tests tor the positivity of moment
matrices, when combined with the displacement rank concept, turn out to pro-
vide a simple, yet general and insightful, view of the topic. We shall present an
outline of this approach in Section 4, while a detailed exposition and further

results will appear in the thesis of H. Lev-Ari (1982).
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2. LATTICE RECURSIONS FOR GENERAL NONSTATIONARY PROCESSES

We shall be studying an indexed (by time) collection of ‘vectors"”

f¥.,1=0,1,....t,...] in some Hilbert space, with given inner products

<Y Y2 = R‘-_j . (1)
and such that the Gramian matrix
R =[R;;] (2
is a symmetric positive definite matrix. We generally have in mind that the {y;}
are random variables in a probability space where the inner product is defined
by expectation,
<YY;> = Elyiy; .
where the asterisk denotes complex conjugation (or Hermitian transpose,when

applied to matrix quantities). However, this stochastic interpretation is not at

all necessary.

We shall denote
Nyl 12 = <yyi>
and shall use bars to denote normalized quantities, e.g.,
=yl ™My (3)

The structure of the collection of vectors {y;} will be explored by studying

the family of finite-order residuals

em.t =W —ftlu , (4)
where
U= te-me Y1} (5)
and
-5-
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{;,,y = the projection of ¥; on the
space spanned by the set U . (6)

We shall call
emt = the m—th order forward residual at time ¢ . ()
We note that the residuals
eee. t =01.2,...

will be the so-called innovations process associated with the §y;,t=0,1,...] which
is usually the chief object of attention in least-squares estimation theory; to
obtain lattice filters, however, it is convenient to imbed these desired quantities

in the larger family of residuals {ep, ¢, m<t, t=0,1,...].

The structure of this family can be exposed by first seeking, for each fixed
t, how to determine order-updates of these residuals, i.e., knowing e, we shall

try to determine
em+it =Yt — ‘!‘;tuu.y,_,,,_ll

in some convenient way. It is reasonable to seek to use our knowledge of e,,

by making the orthogonal decomposition
U Yt-m-13 = U D frm o1}
where

Tmt-1 = Yt-m-1 —gt—m-ll!l ' (8)
the m-~th order backward residual at ¢t - m —1 .

Then we can write

Yol iYayomed SY0Y + Yy
= guu + <Yt T t-1>Tme -1 - (9)

It tfollows that we can write




emtlt T Cmt — <Yt Fm -12Tm e
=ems ~<em . Tme-12Tm -
= | lem.t | I(Em.t — <Em ‘Fm.l—l>Fm.t-l)

= |lemel 1(Bme = kmersTma—1)

where we used the fact that 7,,¢-, L U to obtain the second equality, and where

we defined
km+!_g = <-€.m.g ,7_'m'¢_1> . (10)
For reasons given later, such quantities will be called "reflection coefficients".

To also normalize en4;¢, We need to compute its norm, for which we note

that the last equality yields

emsrs 112 = {lems L 1(Z = kmrrckmers)) leme | 1°

so that

Hemsra ] = [eme 117 — kmarshmer )2 (11)

Then we can rewrite the order-update formula for the forward residuals in nor-

malized form as

Emeit = ([ —kmurtbmait) VEm s — kme1tTm i) (12)
This, of course, leaves us with the problem of getting Tmi-1. But a similar

recursion can be set up for it. Thus and more briefly, we can write

Tmrt = Yt-m-1 ~ Ye-m-1{Vy
STmit-1— <yt-.m—l-§m.¢ >Em ¢
= I Irm.l—1| I(Fm.t -1 - <Fm.t—l-5m.t >é—m.t)

= | |"'m.t Al (P~ kv;ul.tgm,t)
This yields

Hrmerel ] = Hema-1| 1T = kmarskmare)V?

so that




Fmart = (I ~kmertkmert) Y 3(Fme-1 = kme14Em ) (13)

The recursions (12) and (13) can be pictorially represented as in Figure 1(a) as
a typical "lattice” section. Moreover, we see that we can put the sections

together as in Figure 1{b), to get a cascaded structure, with each lattice section

specified by a reflection coeflicient,

kmirt = <BneTme-1>, m=01,.. .

as t

N

m,t

Fal
o
\)

Figure 1{a). lattice Section
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Figure 1(b). Lattice Filter with Time-Varying Sections
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Note that the inputs to the first section are
€os =T = |1y ||y = 7oy (14)
and that the first section has reflection coefficient

ke = <€8op.Fos-1> = <T.Te-1> = RMER o RIVE (15)

The name reflection coefficient is partly justified by the fact that, by

Schwarz's inequality,

Hemarel 1< HeEmeHTmgal " =1 . (16)
The Stationary Case

A more detailed justification is obtained from closer study of the "station-
ary"” case, where stationarity means that the inner products are invariant under

shift in the indices, i.e.,

<Y Y;> = <Yi-1Yj-1> 1=12,.. (17)

In this case, it follows that the reflection coefficients {k,, .} are independent of
£, so that we have a cascade lattice filter with constant or time-invariant sec-
tions. Physical realizations of such time-invariant filters (and in particular of
their inverses) have been studied in some detail in geophysics (see, e.g., Robin-
son (1967), Claerbout {1976)), and in speech analysis (see, e.g., Wakita (1973),
Markel and Gray (1976)), and provide the real justification for the name
reflection coefficients. We shall not pursue this further here, but may refer to

Paper No. by Benveniste earlier in this volume.

Simplifications in the Nonstationary Case

In the nonstationary case, when {17) does not hold, it seems unavoidable
that the reflection coefficients must be time-variant. However, it is reasonable
that the complexity of the time-variation should depend upon the degree of non-

stationarity, measured in some sense. It turns out that the concept of
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displacement rank provides a meaningful way of classifying nonstationary
processes, in that for a process with displacement rank a, each reflection

coefficient can be updated with O(a) multiplications. For N observations and

N reflection coeflicients, this requires O(NZ%a) multiplications as compared to
the O(N?) that would be required if we just used the general formulas given

above without attention to the displacement rank.
The time-update formulas can be compactly stated:
kmare = (1 = MmeMma) Emers-1(1 = pim s 1tim e )2 + N tttme—r (18)

where {n.u} are a-dimensional row vectors obeying the recursions (Yule's Par-

‘ cor identity)

Nmert = Fimt ka1 s Mmt-1} (19)
Bmars = Flim g 1kmer e Mms) (20)

where the function F() is defined as

F{A.B.C} = (1 - BB")™V¥(A - BC")(1 - €C*)~/? (21)

In fact, we may note that the first equation is a rearrangement of the formula.

kmert-1 = Fikmer e Mm g bm g -1} - (22)
=~ ) V¥{kmprs —u W —pp)"7?

where the subscripts for 1 and 7 have been omitted for simplicity.

The displacement rank itself is given as
a =rank of {R~ ZRZ"} (23)
where R is the covariance or Gramian matrix (2) and Z is the lower shift
operator with ones on the first subdiagonal and zeros elsewhere.

The three recursions (18)-(20) can be pictorially represented as in Figure 2.
The block named D denotes a "delay operator” and the numbers indicated

denote implementation of the respective equations.

-10-




Mt ’ (19)

(1 2) h»w,t

[ ’Zun,t

» /’Ln‘.ﬂlt

Figure 2. Representation of the Time-Update Calculations

Time-Invariant Implementations

Perhaps surprisingly, the displacement rank can be used to reduce the

complexity in a different way--by allowing completely time-invariant gains but of

a higher dimension. That is, we shall still have a cascade of lattice sections, but

each section will be defined by an (a—1)-dimensional row vector rather than a

scalar—see Figure 3. These row vectors will be called generalized Schur -

coeflicients.

-11-




Figure 3. Generalized Time-Invariant Lattice Section

As shown, the input to the 'Delay’ is a (a~1)x1 signal; the ‘Delay’ itself is
27 ,;, where I,; denotes an identity matrix of dimension (a-1)x{(a-1). It

-1
z —q;
can be replaced by [ ,‘z xJ,-y. to yield an ARMA lattice structure. The

generalized Schur coeflicients {K;] are row vectors of dimension a—1, satisfy-
ing
1-KJIK' =0 (24)

where a is the displacement rank of the covariance matrix R of and J is

defined through the signature of R as:

senfR-ZRZ°} ={1,~J} (25)

-12-




Thus J is an {a—1)x(a—1) diagonal matrix with entries +1 or —1. Relation

(24) can be compactly written by using the J-norm notation:
[l&lls=s1

To conclude this introduction, we should also remark that we shall show
that the generalized Schur coeflicients {K;] are not unique: different set of
{K;} can be associated with a given covariance function, even in the stationary

case!

Also, a given set of {K;]} can correspond to several diflerent covariance

functions, all “congruent” to each other (see Section 4).

-13-




3. DERIVATION OF THE TIME-UPDATE FORMULAS

The time update formulas (18)-{20) will follow very easily by combining cer-
tain results on partial correlation coeflicients and on displacement ranks. These
will be presented in the first two subsecticns. The third subsection will contain
the proofs of (18)-(29) and the final subsection will give an application to the so-
called exact deterministic least-squares algorithm for “pre-windowed" data

sequences.

3.1 Parcor Coefficients and Yule's Identity

The reflection coeflicients as defined by (10) can be identified as partial
correlation (Parcor) coeflicients. Before proceeding with their analysis, it will
be helpful to introduce some notation and derive some general properties of

such coeflicients.

Let a,b be vectors in some Hilbert space. We shall denote the correlation

coefficient of & and & as
plaby=<a,b>="!ja|!™t-<a,b>- ||b}|! (26)

where @=||a|| 'a is the normalized version of a. Given any set V of vectors,
let @)y, or more simply ay, denote the residual error in estimating a from V.

Thus
ay:=a -<a, V>V (27)

where V is any orthonormal basis for the linear space spanned by the set V.
Then, we shall define the partial correlation coefficient of la,b] given V, a

concept first introduced by Yule (1907), as

pv(a.b) = pldy.by)
= ||ay] | '<ay.by>||by|]"° (28)

In this notation, the reflection coefficient kn.; defined in (10) can be written

-14 -




as,

Emere = pu{Ye Ye-m-1) (29)
where we recall that (cf. (5))
U=1{y-m. Y}
We can write

ay=a —<a, V>V
=[la]l- (@ ~<a.V>P)
= [{al]- (@ - p(a.V)V)

and check that
Havl] = [lal] (7 = p{a.V)p'(a,V))/?
so that

gy = |lay|{™ ay

= (I —p(a.V)p'(a. V) V¥a - pla,N)V) .
¥ith a sumilar expression for by, we can then deduce that

pr{a.b) = play.by) = <a@y.by>
= (1 = pla,V)p“(a. V) V3(a@ - pla. V)V).(6 - p(6.V)7)>
(I = p(b.V)p°(b, V) V?2
= (I =pla. Vp“(a. V) 2p(a.b) - pla.Vp° (6. M) = p{b.V)p"(b.V))"?
' (30)

or more compactly

pv(a.b) = F{A.B.C}
= (I -BB*Y V¥4 - BC)I - CC*)~*/2 (31)

where
A=p(ab); B=pla,V); C=p(b.V) .

Now we shall seek a formula for modifying a partial correlation coeflicient

-15-




pula,b) whenthe set U ischangedto {U,V]

For this, note first that the space spanned by {U,¥] can be written as a
direct sum ={U @ Vy}., where Vy is orthogonalto U. Now a;yy; can be com-

puted as follows:

First estimate a from U, with error ay; then estimate ay from Vjy,
with final overall error of (ay)yy. Therefore we have a nice formula, which the

reader should thoroughly assimilate:
agy.vj =(ay)y,
Then we can write,

piy.v{e.b) = plagy ybiy 1)

= pl(ay)v,.(bu)v,)

= py,(ay.by)
which by using (31), we can write as

piyv.vi{a.b) = py,(ay.by)
= Fip(ay.by)play. Vy).p(by. Vy)}
= Fipy(a.b).pyla, V).py(b,V)} (32)

This basic result first appeared (in different notation) in Yule's original paper
(1907) and therefore we shall call it Yule's Parcor Identity.

3.2 Displacement Ranks, Differential Generators, and
Pinning Aggregates

We turn now to the other key ingredient of the time-update formula. Let us

denote

N
Rown = [R‘JLJ=° where R‘J = <Y Y5> (33)

If we deflne a block column vector

- 168 -




Yon = [Yovi.-yx]" . (34)
then we can write
RO:N = <Yc_,"' .Yg},’) . (35)

Now we introduce the displacement operator

—| Rey =Roxy = Z RenZ° (36a)
where
0
1. 0
Z= . (36b)
o ..
10

The displacement rank is defined as

a = rank{_] R) (37)

Since Rgy is Hermitian, so will be _|Rgy. Therefore, it has real eigenvalues,

say g, strictly positive, and g_ strictly negative, so that
a=g,+q. (38)

Then we can write _|Rg . although nonuniquely, as

RO:N -z R(}:N z'= GG'J-' X G(;:N (39) ;
where ‘
9+ Y
L= (40)
VR A
and
- Jo
.. gy - -
GO:N = (41)
. 9N
-17-
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(Ge.n.Z) will be called a ‘Differential Generator’ of Rgy, since it is not hard to

see that Rgy can be uniquely recovered from knowledge of {Go.n.Z}.

An interesting geometric interpretation can be associated with (39), rewrit-

ten as
Rov —GonEGiy=ZRZ’ (42)

Delosme and Vorf (1980) showed that we could find a collection, X, of vectors,

a in number, in an extended Hilbert space, such that
<X X>=X and Gpy = <Yon.X> (43)

We may remark that such so called "pinning aggregates"” were first introduced
by Sidhu and Kailath (1975) to obtain a geometric derivation of the state-space

Chandrasekhar equations.

Now, in terms of X, we can express {42} in the suggestive form,
YonYon> — <Yon XX X> WY oy X>"=<Z Yon.Z You> (44)
For, noticing that the residual
(Yon)x = You — <Y u X><X X>7IX
equation (44) shows that
<Yomdx(Yon)x>=<Z Yon.Z Yon> (45)
This equality allows us to set up an isometry (i.e., a norm-preserving iso-
morphism) between the spaces
f{space of vectors (Yon)x] ~ {space of Z Yon (486)
In particular, we have
(Yo)x ~0 and (ye)x ~ e (47)

Now returning to our problem, we recall that

-18-




knsre = <8 g Tm 11>
= p[(Ye) v (Ye-m-1) v]
= pulYe Yt-m-1)

where
U=W-m.. Yt}
It will be convenient to introduce an operator D such that

Dyy=y. t=21. (4Ba)
DU = {yi-pp-1r.. Y1 -1} (48b)

With this notation, what we are seeking in the time update formula is a relation
between

kmsrs = py(YeY-m-1) and Ekmsye-1 = poy(Dye . Dys - m-1) («9)
3.3 Derivation of Time-Update Formulas

With the help of the isometry and Yule's Parcor identity, we can derive the

time-update formulas as follows.

Using first the isometry (48) and then Yule's identity (32), we can write

kmsse-1 = Pou{Dye . Dy;—m 1)
=p Ux((yl 1x (Yt -m—1)x)
= Piyxi(¥t Yt -m 1)
= Fipy(ye Yt-m-1).Lu¥1t.X).0 9 (Yt -m -1.X)}
= Flkme1.6 Mm.t fm.t -1 (49)

where we have defined

Mm s =py(y.z) and pim ey = Py(Yi-m-1.T) (50)

We can readily obtain recursions for these quantities as well. Thus

Nmers = P[y._,,,_,.'ll(yt x)
= Fipy(We 2)py(¥ Yi-m-1)P v{Z Ye-m-1)}
= FiMmakmers.bime-1) (51)

-19-
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and finally,

Mm vt = Py (Yi-m-1.T)
= Fip g(Ys -m-1.2 )P v (¥t cm 1Y) P u(Z Y )}
= Fipim ¢ -1.kme1Mm e} (52)

Equations (49), rewritten to express kp.,; interms of kp,, -, combined
with equations {51)-(52) are just the time-update formulas presented earlier in
Section Il. Note how immediately they follow from the isometry and Yule's iden-
tity.

3.4 Application to the Time-Series Pre-Windowed Case

In this section, we shall apply the theory developed so far to a deterministic
least-squares problem, studied by Morf, Vieira and Lee (1977) and Lee, Morf and
Friedlander (1981).

(i) Statement of the Problem

Given a series of samples

y(0).y(1)....y(t)....y(N)

in the so-called pre-windowed method, we try to fit an nth order autoregression

to it by choosing coeflicients }{1.a,,...,0,{ to minimize the following quantity:

3 e(t) (53)
=
where
en(t) =y(t) +ay(t ~1) + -+ +any(t —n) (54a)
with
y(-k)=0, k=21 (54b)

The assumption (54b) means that we are assuming that samples prior to

-20 -




t=0 are zero, hence the name "pre-windowed". The residuals e,(t) can be writ-

ten in a matrix form as below:

c o y(0) y(1) . y(N-m)
[an -+ a; 1] B :
0 0) . .
¥ wm
= [e,(0) -+ es(N)] (55a)
or more compactly
A, Y(n) = enn (55b)

The solution to our i .irdimization problem can then be seen to be the solution of

the normal equalions.

AR, = [0 - R3] (56)

where
R, = Y(n)Y’(n) and RS = minﬁ ef(t) = |lean!|? .
=0

Note that R, will not in general be a Toeplitz matrix (unless, in fact,
y(N-n+1) =0= - = y(N))

(ii) Solution of the Problem

We can cast this deterministic least-squares problem into our previous Hil-
bert space framework as follows:

Define our Hilbert space elements as row vectors

v =[0 - 0y(0) --- y(t)] for 0<t <N (57)

of some fixed length T, T > N. And take as inner products,

"

<Y Ys> = Yo' Ys

1)

[0 - 0y - w®)o -+ 0y(0) - w(s)])




= ‘f y(t—i)y*(s—i) (58)

=0 1
where tAs stands for the smaller of ¢ and s. Then, we see from (55a) that

choosing {1, @,, ..., @,} to minimize ﬁ e2(t) is equivalent to finding the best
£=0

prediction of the Hilbert space vector yy given n earlier vectors

-

fun-1. ..o YN-nl.

We can now use our earlier genéral result as follows: First, we must find the

PR, P

displacement rank « and the pinning vector X. By our definition of inner pro-

duct, we have

Ron =
v
Thus,
—IRoxy = Ron — ZRy.x2°
= [y - Ye¥alisson . Yo =0 for i=1 (59)

Note that the expression in the square brackets denotes the (t,s)-th element of
—|Ro.y, with ¢ and s taking values from 0 to N as indicated in the sub-

seript. Substituting ¥ := [0 --- 0 y(0) --- w(t)], we get

[y (s) — y(t-T)y (s =T)]ts=0:¥

—lRo:N

[y(6)y (s))iszo:n since y(—i)=0 for i =1. (60)

Consider the following mXxn submatrix of _|R,.y, denoted briefly as

[—IR)N N
(=IR)N-nn = [y(t)y.(s)]t.sﬂv-n:ﬂ
(N-n)| )y (N=n) - y*(N)]
= . (61)
y(N)




= Gy-py - G?:’—n:N - say.

We see that the displacement rank, which equals the dimension of L, is

a=1. (62)
Also that the pinning vector is
Xx=[0 --- 0 1], (63)
because
Lyvn. - YN X> = [Y(N-n), . y(N))
= Gyny

With {a,X]. we can, as before, build a lattice filter with n sections, where the
(m +1)-th section has reflection coeflicient

kst = Pol¥e. Ye-m-1) « U = Weem, oo Yiaad -
To update this quantity, we need {n,u} where

Mme = pulyeX) and  pme = pulYi-m-1X) .
In the present problem

<y, X> = y{t) and <y_pm.X> = y(t-m-1) . (64)
Then some calculation will show that

Nmt = En(t)e . ppmy =Fm(t=1)c (65)

where the proportionality factor ¢ arises from the absence of a scaling factor
(corresponding to a so called second normalization in Lee et al. (i981)). The
point really is that the lattice sections need only to propagate the sample values
$8,(t), Tm(t~1)] and not the row vectors {&y;, Tm¢-1}. We refer to the paper

of Lee et al. (1981) for further details on the prewindowed lattice form.
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4. GENERALIZED SCHUR ALGORITHMS AND TIME INVARIANT LATTICE FILTERS

We shall begin by considering tests for positivity {positive-definiteness) of a
given matrix, starting with Toeplitz matrices, which can arise as covariance
matrices of stationafy processes. A simple test is shown using Schur
coefficients (= reflection coeflicients) obtained via the standard Schur algo-
rithm. Then a generalized Schur algorithm will be developed yielding general-
ized Schur coeflicients which will give positivity tests for non-Toeplitz matrices.
Then, the interpretation of the Schur algorithm is given, using concepts of spec-
tral functions and Schur invariance. Later, we shall consider these results in the
context of nonstationary process, and discuss prediction filters and the general-
ized Szegé-Levinson algoritﬁm. We shall briefly also mention orthogoﬁal polyno-

mial and Christoffel-Darboux formulas.

4.1 Positivity of Toeplitz Matrices

Consider a stationary stochastic process {y;] with an associated Toeplitz

covariance matrix

Re Ry Ra . . . Ryl
R, . .
Rz . . .
Ron | - R . Rg=1
. . . Ry
Ry Ry Ry

There are many criteria for testing whether a given matrix is positive
definite, based on computing eigenvalues or by reduction to a sum of squares,
etc., but we are seeking more special tests that exploit the special (Toeplitz)
structure of the matrix. Such tests are in fact available, based on certain
function-theoretical characterizations first developed in the early part of this

century.

Let us temporarily assume that we have an infinite sequence
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Rg.R;.....

and define a function (assuming Rg=1)
Clz)=1+2) Rz* . (686)
1
Then we have the following characterization

Lemmma (Caratheodory (1910) ): The matrices {Rgxy. N =0,1,...] will be nonne-
gative definite if and only if C(z) is analytic and has nonnegative real part in

the unit disc.

Testing if Re C(z)=0 can be replaced by the generally simpler problem of

testing for boundedness by making the transformation

S(z) =[1-Cc{=)]{1 + c(z)]" (67)

Then it is not hard to see that C(z) is analytic and ReC{z)=0 in |z|=<1 if

and only if
S(z) is analytic and |S(z)|=11in |z|{=<1. (68)

Such a function will be called a Schur function.

Lemma: (Schur (1917)): Let S¢(z)=S(z) and define

1 Si(z) - Si(0) .
P AR (69)

Sin(z) =

Then S(z) is a Schur function if and only if {S;(z)} are also Schur functions.
Furthermore, let us define what we shall call Schur coeflicients

kiy1=5:(0) . (70)
Then S(z)is a Schur function if and only il |k;|<1 for 1<ise,

These {k;] are in fact the reflection coeflicients used to construct the

time-invariant filter for a stationary process {cf. Section 2), a connection first
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noted by Dewilde, Vieira and Kailath (1978).

Some examination will show that the computation of {k,, 1<i<N], needs
knowledge only of {Rp=1,R,.....Ry} and that therefore we in fact have a test for

any finite matrix Rg.y:
Roxy=0 if andonly if |k;|<1, 1<si<N . (71)

Moreover, further reflection will show the reasonableness of the following result

and corollary.

Theorem: The covariance matrix Rgy can be extended by adding terms
(R, i>N) corresponding to added reflection coeflficients

k. such that |k;|<1,i>N.

Corollary: The 'maximum entropy” exiension is achieved by the choice

fh;=0, i>N]

Before leaving this section, we remark that the reflection coeflicients
{k;, 1=i<N] can be computed by operations on the first N coeflicients of the

functions {1+C(z),1-C(2)}. in particular on the matrix

1 0 ]
Ry -R,
R: -R,
GO:N =1 .
Ry —Ry

The details of the algorithm will be shown later (Section 4.4).

4.2 Positivity of Non-Toeplitz Matrices

Suppose now that the process is not stationary so that,

Yt Ve 2 # <Yt -1.Ys 1> .

Then the associated covariance matrix will not be Toeplitz and we might ask how

- 26 -
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we could extend the previous tests for the positive definiteness of Ry We

could try to introduce Caratheodory and Schur functions of 2-variables. For

example,
Clzw)=Rog+2) Y RzteY (722)
=1 j=1
Ree— C(z .-
S(zw) = Bee=C(z.2) (72b)

Rog + C(z,0)
But, nothing satisfactory seems to have been found in this way, at least so far

However, we shall show that the concept of displacement ranks and
differential generators, as introduced in Section 3.2, does allow us to make pro-

gress.

4.3 Differential Generatorsof R :

We recall from Section 3.2 that we can then write, for nonunique Gy,
~! Rex =Ron —ZRonZ" = Gon T Gow (73)

where Goy is an (N+1)xa matrix with rows {gg.g,.....g5}. say, and T is a sig-

nature matrix for _|Rgy,

I 0
q+
Y=
0 -1
Go.v is nonunique, because any product Gy U with a Z-unitary matrix U

will also satisfy (73). One consequence is that we can always choose, for conveni-

ence,
go={Rée? 0 .- 0]. (74)

This choice is a natural one because the reader can check, it allows us to make
the first column of Gy, identical to the first column of Rq.y. If for some reason
we have a generator without this property, an appropriate I-unitary matrix U

can also be chosen to ensure it--we shall give the precise construction a little
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later (see Sec. 4.4, Step 1b).

Having Gpy. we can now associate az complex function of a single variable

with a non-Toeplitz matrix R,
G(z) = ﬁ g.2% + 0(zV*Y) (75)
{=C ’

Note that this function is unlike the ex*ended Caratheodory/Schur functions,
which are functions of fwo variables. To gain some insight into this function
G{z). let us examine it for the stationary case.

G(z) in The Toeplitz Case

When Ry is Toeplitz, we see that

Ro Rl P . RN O 0 . P 0
R, Ry . ) 0 Ry R, R
-—l Ry = C . - ' .
. . . Rl . . . R]
RN . . . Rl Rc O RN-) . .. RD
Ko Ry . . . Ry
R,
=|- 0 (76)
Ry
Therefore a=2, g,=g_=1 and
i o
=
0 -1

We can also check that
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Rg 0
R, -R;
c 1 R: -R;
oN — Ré{)z (77)
Ry '-.k”

satisfies | Roy=Gon & GIy. Assume Ry=1. Then, recalling the definition of
the Caratheodory function,
C(z)=1+2 ﬁ Rzt + 0(zN*))

=1

we see that

G(z) =

1+C(2) 1-C(2)]
2 2 J

Note that the entries of G(z) are precisely those defining the Schur function
S(z) in the Toeplitz case, which was introduced in a rather mysterious way
then. Here a clue begins to appear to establish a positivity-test for the non-
Toeplitz covariance matrix. For reasons of space we shall forego examination of
how the Schur algorithm in the stationary case can be recast in terms of G{z);
instead we shall directly present the (very easy to describe) general Schur algo-

rithm:

4.4 General Schur Algorithm

In the non-Toeplitz case, G(z) will not have any such striking form as in
(53), but it will nevertheless turnout to yield generalized Schur coeflicients in a
nice way. Also the procedure includes the special method for the Toeplitz case.

Note first that in the general case, Gy y Wwill have a-columnns, which we partition

as follows:
g | 0 0 0
7N 1
Gown = | b (78a)
o .
N Ty
.29-




Here we have exploited the nonuniqueness of G;n to make the first row

{oo0 - - - 0], where
Rog=0§=goZgo >0 (78b)

In a corresponding way, we partition I as follows:

5 [1 0 ] )
= 79a
0 - (
where
['h‘l 0
-~J = . 79b
—— (79b)

Thus £ and J are axa and (a—1)x{a-!) matrices. In order to present the

Schur algorithm, we need a further definition.

Z-Unitary Matrices: Matrices of the {following type play an important role in the

ensuing theory:

(1 — KJK") /2 0 1 —KJ
O(K.J) = . (80)
0 (J -K°K)™V3 |-Kk* I,

We can verify that
eLe’=g (81)

thus being called Z-unitary matrices. In fact, it can be shown that an arbitrary

Z-unitary matrix will have the form

U, 0
©(K,J) where U, is unitary and U, is J-unitary . (82)
2

The Generalized Schur Algorithm:

Start with Gon in the 'proper’ form, i.e., such that the first row go of

Go.xy is of the form
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go = [Uc o - 0]. cg >0 .

Step la. Shifting: Form a matrix G™ with one less row than G by shifting up

the rows I,

O¢ <!

- P4 ‘2

GW=| - : (83)
N-1 :1..‘1’

o a3

On
G(z) = T 5.2t
1=C

this operation amounts to forming

~ ! 0
GW2)=G) (84)

fa-1

Step Ib. Renormalization: Find 0(K;.J) sothzt 5(“@“(!(,.J) is again proper,

ie., |
|
i g, |0 --- ;
719 r{" |

G = G- YK, J) =] : (85)

! .
TR,
we shall show that this can be achieved by chocsing
Kl = "Uc_!?ltl . (86)

Proof of (86): From {85) we need O(K,./) to be such that

the 1st row of G = [e, 0 - 0]JOLKJ)
=0 1st row of G(Kl,nl)
=0,(1 - K\JK;) V3L -K\J] .

Comparing with (83), we get




Og = 01(1 - K]JK;)-VZ and Pl = - UQKp/ . Hence ....
Steps 11, 11, ctc: The two steps as before, namely, shifting and renormalization,
are repeated until G'™) is a matrix with all columns zero except, parhaps, for
the first column. At this stage, no more renormalization is required and all

future {K;] will be zero. Note that m <N, the size of the original matrix and if

m=N. G™ will consist of only a single row.

In this way , we can associate a set of 1x{a-!) vector coeflicients

{K1.K2.....Ky} with Go.y and hence with Rgy. The following result holds.

Theorem: The matrix Rgy is positive-definite if and only if the set of Schur

coefTicients associated with it satisfy

1—-KJK >0 for i =1,.. N . (87)

In the Toeplitz case a=2, J=1 so that {X;] have to be scalars of magni-

tude less than one, as we stated earlier. We have a striking generalization here.

We shall not give a formal proof of this theorem here, but we shall outline

the underlying ideas in the next section.

4.5 Interprgtation of Schur Procedure

The theorem rests mainly on the concept of Schur complements and a

lemma due to Schur. Let us write R, y as,

Rao .. .0
Ry s .

R,y = . RaT;[Ro.o o RoJV] + [ A (88)
R;_]v 0

Then A is called the Schur complement of R,, in R. Then the following result

is easy to see.
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Lemma: R is positive definite if and only if K,, > 0 and the Schur comple-

ment of R,, in R is positive definite.

The following reformulation of this fact will be useful. Let us define
S(zw) = ¥ Ryzie’ (89)
tj=0
I R = [R;] is positive definite, this function will be said to be the two-
dimensional spectral function of the process. (Caution: The spectral function
S(z.») must not be confused with the two dimensional Schur function S{z.w)

suggested in (72)). Then we can restate the lemma as follows:

Lemma: The function S(z.w) associated with R is a spectral function if and

only if S(0,0) = R,, > 0 and S,(z,v) is also a spectral function, where

S\(z.w) = SzL) = S(Zz.(:)).S'I(O.O)S(O.QL.

(90)

The reader should check, by comparing coeflicients of z'w? that S,(z.w)

indeed represents the Schur complement A in the transform domain.

The above lemma may be extended to the "ARMA case” readily, which we do

here in order to bring out connections to the paper of Dewilde in this volume.

Lemma (Schur-ARMA): Let "a" be point in the domain of convergence of
S(z.w). Then S(z.w) is a spectral function if and only if S{(a.a) > 0 and

S,(z,w) is also a spectral function, where

sie.) = Seel = SegS el
1-a’z)|l~a’w

(91)
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These lemmas are of little practical use as it is, because computation of
S,(z,») from S(z,w) is not efficient. So, we now try to impose a certain struc-
ture on S(z,w), which will hopefully enable us to perform recursions on some

simpler function than S(z.w).

a. Schur Invariance:

First, let us look for a S(z,0) that remains unaltered under Schur comple-

mentation, i.e., such that
Si(z.w) = S(z.0) (92)
Substituting this into (91) gives, after some algebra, the fact that
(1 ~20°)S(z,2) = G,{2)G(w) (93a)

where

Gu(2) = (1 —a’2)S{z.a)S""?%q a)

(1= [al)72 (930)

Let us pause a little here to examine the AR-case. Then a = 0, and (93)

becomes
(1 -2z0°)S(z.0) = G(z)G*(v) (94)
where
G(z) = S(z,0)S-V?0,0)
In the "time-domain", (94) translates to the relation
R - ZRZ* = GG* (95)
Processes satistying (94), i.e., such that

S(z.0) = G(z) #G'(w) (96)

have a simple interpretation. Consider "one-sided” white noise {w,., k =0}
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such that Fuguf = [6y. ltsspectral function is

= - 1
S , = Sss 1,9 = —_—
u(z Q) ‘_JZQO Vz w 1—-2zo0 (97)

Now the process in (96) can be interpreted as the nonstationary process
obtained by putting “one-sided"” white noise through a time-invariant filter with
transfer function G(z). These are perhaps the simplest kind of nonstationary

processes, with displacement rank a = 1.

Let us now return to our main problem, of imposing certain useful struc-
ture on the processes to be considered. Our earlier condition that S{z,w)
remain unaltered under Schur complementation, which resulted in S{z,») tak-

ing the form in (96). can be generalized as follows:

Let
S(z,w) = —G—(—Z)Z—G-—“i)— (98)
l-2zv
where G,(z) will be required to be "proper” in the sense that
G.(a) = o,f1 0 - - 0] (99a)
and
0¢ = S(a,a){1 - al?) (99b)

The Schur complement is given as below for the ARMA-case:

Siz) = Seo = Srplileaes)
1 —a'z‘ L - a'QJ

Substituting (98) into the expression (91) shows that S,;(z,0) must have the
form

G\(2)Z Gy ()

sl(z-w) = 1"2&).

{100a)
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where
G\(z) = Cr‘.;(:e)1 ° K 8 Y(K,.J) (100b)
0 [li_—”:—z]l
where K, issuch that
Gi(az) = 05,1 O --- 0] (100c)

Thus by considering processes whose spectral function can be written as in
(100a) we are able to reduce recursions of S(z,0) to recursions on G,(z). The

Gs-recursions are related through ©-matrices. So, we can continue this above

procedure by extracting ©-sections at a3, ag, - - -. Note that after one step, we
have
7 0
G(z) = Gi(2) O(K1.J) (101a)
zZ -0
) [T_a—]’
= G(2z) - 04(z) . (101b)
The process will be finite order if
G(z) - ©7Yz) -+ OF'(z) = Gu(z)1 0 --- 0] for M < e. (102)

We shall make this assumptlion for convenience, although it is not essential.

Thus,
G(z) = Gu(z)[1 0 --- 0JOu(z) --- Oyz) (103)
Note that the product of ® matrices is again a Z-lossless matrix.

b. Congruencec:
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Here we will show that the Schur coefliciens K; (and hence © - sections)
do not uniquely determine a process. In fact, let h(z) be analytic and inverti-
ble in some region containing the points a,, ap .. ay. Then G(z) and

h(z)G(z) have the same Schur coefficients. For,
h(z)G(z) = [r(z)¥(z) h(z)[(2)]

and since we work with ratios, it is suggestive that the Schur coeflicients will be
the same. So, G(z) and h{z)G(z) are said to be congruent. The following

lemma shows the relation between covariance matrices of congruent processes.

Lemma: 1f G(z) is replaced by h(z)G{z), i.e., G(z) » h(z)G(z), then the

covariance matrix is transformed as:

h, 0
. h, .
Ro.v = L(R)Ro.nL (R) . Lh)y = |. .. (104)
hy  hy kg

Proof: In the time domain,
G(z) » h(z)G(z) , implies that G » L(R)G .
Now from
R - ZRZ® = GIG’

we can write

LRL® - LZRZ'L® = LGIG'L’
Since ZL = LZ, we have
LRL® - Z(LRL")Z® = LGEG'L’ .

which shows that, under congruence of the generators, we have congruence of

the covariance matrices, i e.,

-37-




R - LRL’ .

Since the K-coeflicients define a covariance only up to congruence, we shall now

consider a canonical representative.

c. Canonical Representative:

It can be shown that every generator G{z) can be transformed by a

congruence into a canonical form.
G(z) :=[1 0 --- 0Jou(z) --- ©yz) (105)
Note that G{z) is completely determined by the Schur coeflicients.

So far we have spoken only of tests for positivity and of the generalized
Schur coefficients. Through the canonical generators we shall be able to relate

these to the prediction or whitening filters that define the residuals {e,, ;1.

4.6 Innovations Filters and Generalized Orthogonal Polynomials

As we just stated there is a transformation relating G{z) to G{z), which

we can write as,
a{2)G(z) = G(z) (106a)

let G,,, denote the first m rows of G,.y. Then we can find a polynomial

a,(z) of degree m such that
am(z) - G(z) = Ga(z) + 0(z™"")
We shall write this as
am(2)G(2) 2 Gn(z) (108b)

where T denotes equality of the first m terms. Then after some calculation,

for which we refer to the thesis of Lev-Ari (1982), we can claim the following.
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THEORFM: The function a,(z) defines the innovations filter at time ¢ = m.

This theorem does not indicate how to actually compute the {a,(z)}. Todo

this conveniently, we introduce the concept of admissibility.

ADMISSIBILITY: A generator G{z) is called A\-admissible if
G{z)A = 1 (107)

where X\ is a vector of dimension «, i.e.,

[ 9o [ Ay 1
. . 0
g || A 0
(Lerer and Tismenetsky {1981) introduced similar constraints to study general- {

ized Bezoutians.] We know that
am(z)G(z) = Em(z)

Multiplying both sides by A, and using {:07) zives us a,,(z) as

Gn(ZA .
(1 0 .-+ 0]9m{z) - - B)(2)A (108)

am(2)

We can represent this in block diagram form as shown in Figure 4. Each section

in this cascade structure has the generalized lattice form shown in Figure 3.
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R | a,.G)
41— X B, e, (2) 6,,(2)

rsﬁ = R i:— C.z)

I

Figure 4. Generalized Lattice Filter with Time-Invariant Sections

Orthogonal Polynomials

The theorem that the a,,(z) define the predicticn-error filters means that
they have certain orthogonality properties. In fact, they turn out to be natural
extensions of the Szegt polynomials orthogonal on the unit circle (see, e.g.,
Geronimus (1961), Kailath, Vieira and Morf {1978)). If we denote the other out-
puts from the cascade 0,,(z).....0,(z) by Gn(z). an {a-:)-dimensional vector,

then we clearly have the recursive updating formula

ruLm(z) i%—l(z)
= Om(z)

(109)
Cn(2z) Crn-1(2)

which generalizes the well known Szego recursion formula. The formula (109) is

(a slight generalization of) the generalized Levinson recursions obtained by

Friedlander, Kailath, Morf, Ljung (1978), (1973). The present derivation is much

more transparent, and in fact it was in large part the search for such a simple

derivation that led to the studies presernted here.
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ChristofTel-Darboux Formulas

With orthogonal polynomials, we always have the so-called Christoffel-

Darboux formulas, which give expressions for R™!. In our case, we have the fol-'

lowing generalized forms.

Let
Kn{lz.):=[1z -+ 2z™)RghIi 0o - - o™]° (110)
and also define the "reciprocal polynomial” by
am(z) = 2™ [an(1/2")}° (111)

Then we can establish the generalized Christofiel-Darboux formulas,

Kn(2.0) = 3, 84(2)3(0) (112)
‘:
= 8 mer(2)8 mey(9) = Crmer(2)Cm4y(@) + NI (113)

The only surprising thing about this generalized formula is the presence of the
term A°ZA. Some light will be shed on this in the next subsection.
4.7 More on Generators and Admissibility

Now we address ourselves to the question, can we always find admissible
generators? The answer is essentially 'yes', which we shall elaborate now. First,
we note the concept of equivalence and certain results due to Livsic {1979) and

Potapov (1960). Equivalent generators {G, Z;] and {G,,Z;} are such that
R-ZR2Z =GI,G = G5:Gs

The following results are an adaptation of results proved by Livsic and Potapov.

1. All minimal generators are related by X-unitary matrices.
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2. In general, all generators can be obtained from any minimal generator by
some combination of certain elementary operations (called trivial lengthen-

ings, neutral lengthenings, and E-rotations).

Now let us consider the problem of finding admissible generators. It turns
out that we have three distinct cases, which in fact give a classification of covari-
ances into three distinct types: Let us define the index of non-Toeplitzness of R
as first introduced in Friedlander et al (1978) to be (see (114) below)

6 =rank[Ris — Ri-1s5-1)i 521
It is easy to see that {a—6) can be 2,1 or 0, where of course a is the dis-
placement rank.
Theorem: Let R—Z R Z'=GZG’® where G is a minimal generator. Let

G(z) = %} 9:2*

Then for every minimal generator, if

(i) a—6=2, there exists a A such that G(z)A=1 and A°ZA=0. An example is

the Toeplitz case, where A=[1 —1].
(ii) ;—6=1, there exists a A such that G(z)A=1, but A°EA#0

(iii)x—6=0, there exists no A such that G(z)A=1. However, by increasing the
dimension to (6+2), we can always find a G that is admissible, with any
desirable A. An example is the pre-windowed least-squares problem of Sec.

3.4.

Remark: The class of covariances satisfying a —6 =2 deserves the name
quasistationary or close to stationary. The simplest members in this class

are,indeed, Toeplitz covariances, and for any other member the distance from
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stationarity is indicated by the index of non-Toeplitzness 6 = a — 2. Notice also
that the surprising term A°ZA which appeared in (113) vanishes for covariances

in this class.

Construction of an Admissible Generator

We shall give a method of constructing an admissible generator, though it

may not necessarily be minimal. Let

[Roe Rey . . . Row
Ry¢

R~-ZRZ' = (114)

>

Rxo

4

-

~
we write A as,

A =D, xEcD)y

where Iy has dimension 6x§. Now define,

Eo.o fo - 0| 9
Rl.o —Rl.o
Goy = | - l Dyy | ’ where R,, = R;V2R,,
o [
N0 —hie
and
1 0 0
Z=0Z 0
0 0 -:

Then, it is easily checked that

GoNEG,y = R - ZRZ®

and that
1 .
0 [ 0
Go N ' =
0 )
-1 0




SN a¥a

thus making G, 5 an admissible generator, with A = [1 0 --- 0 -1].

Remark: Note that this construction matches the statement in the theorem

when a — 8§ = 2 or ¢ — 6§ = 0. Itis however, nonminimalif a — § = 1.

4.B Concluding Remarks

We have given an outline of the generzl theory of lattice filters for nonsta-

tionary processes, emphasizing how the displacement structure of the covari--

ance can be used to obtain different kinds of implementations. We find it fas-
cinating that the displacement rank cchacept provides such technologically
significant generalizations of the severa! classical results of Schur and Szego,

obtained without any idea of bractical applcations.

Acknowledgments: It is a pleasure to than A. Benveniste, P. Dewilde and Y. Lan-
dau for their care and dedication in orgznizing a fine workshop, providing this
opportunity to present an outline of socme very new research at Stanford. T am
grateful to R. Prabhakhar of Delft for his notes of the oral presentation, which 1
have reworked here, and of course also to my several colleagues at Stanford,

whose work over the last few years formed the basis for the oral presentation.

-44 -




- 45 -

REFERENCES

A Alam (1978), "Orthonormal Lattice Filters - a Multistage Multichannel Estima-
tion Technique", Geophysics, vol. 43, pp. 1368-1383.

J. Burg (1967), "Maximum Entropy Spectral Analysis”, presented at the 37th Ann.
Int. Meeting Soc. of Explor. Geophys., Oklahoma City, OK.

J. Burg (1975), "Maximum Entropy Spectral Analysis”, Ph.D. Dissertation, Stan-
ford University, Stanford, CA.

J. F. Claerbout (1976), FPundamentals of Geophysical Data Processing with Appli-
cations to Petroleum Praspecting, McGraw-Hill, New York.

J. Delosme and M.Morf (1980), “A Tree Classification of Algorithms for Toeplitz
and Related Equations”, Proc. 19th IEEE Conf. on D&C. pp. 42-46, Albuquerque,
New Mexico.

P. Dewilde (1969), "Cascade Synthesis of Passive Networks”, Ph.D. Dissertation,
Dept. of Electrical Eng., Stanford University, Stanford, CA.

P. Dewilde, A. C. Vieira and T. Kailath (1978), "On a Generalized Szegs-Levinson
Realization Algorithm for Optimal Linear Predictors Based on a Network Syn-
thesis Approach”, JEEE Trans. Circuits and Systems, vol. CAS-25, no. 9, pp. 6563-
675,

A. Fettweis, H. Levin and A. Sedlmeyer (1974), "Wave Digital Lattice F‘llters".. nt.
J. Qircuit Thy. and Appl., vol. 2, pp. 203-211.

B. Friedlander, T. Kailath, M. Morf and L. Ljung (1978), "Extended Levinson and
Chandrasekhar Equations for General Discrete-Time Linear Estimation Prob-
lems”, JEEE Trans. Autom. Contr., vol. AC-23, no. 4, pp. 653-659.

B. Friedlander, M. Morf, T. Kailath and L. Ljung (1979). "New Inversion Formulas
Matrices Classified in Terms of Their Distance from Toeplitz Matrices", Linear
Algebra and Its Appls., vol. 27, pp. 31-60.

Y. Geronimus (1961), Orthogonal Polynomials, Consultant Bureau, New York
(Russian original, 1958).

¥W. Hodgkiss and Presley (1981), "Adaptive Tracking of Multiple Sinusoids Whose
Power Levels are Widely Separated”, /EEE Trans. Acous. Speech and Signal

-45-




Prac., vol. ASSP-29, pp. 710-721.

F. ltakura and S. Saito (1971), "Digital Filtering Techniques for Speech Analysis
and Synthesis”, Proc. 7th Int. Conf. Acoust., Paper 25-C, pp. 261-264, Budapest.

T. Kailath (1973), "Some New Algorithms for Recursive Estimation in Constant
Linear Systems", JEEE Trans. on Inform. Thy., vol. IT-19, no. 6, pp. 750-760.

T. Kailath, S. Kung and M. Morf (1979), "Displacement Ranks of Matrices and
Linear Equations”, J. Math. Anal. Appl., vol. 6B, no. 2, pp. 395-407.

T. Kailath, L. Ljung and M. Morf (1978), "Generalized Krein-Levinson Equations for
Efficient Calculation of Fredholm Resolvents of Nondisplacement Kernels”,
Topics in Functional Analysis, Essays in honor of M. G. Krein, Advances in Math.
Supplementary Studies, vol. 3, Academic Press, New York.

T. Kailath, G. S. Sidhu and M. Mort (1973), "Some New Algorithms for Recursive
Estimation in Constant Linear Discrete-Time Systems”, Proc. Seventh Princeton
Conf. on Inform. Sci. & Systs., pp. 344-352, Princeton, N.J.

T. Kailath, A. Vieira and M. Morf (1978), "Inverses of Toeplitz Operators, Innova-
tions, and Orthogonal Polynomials”, SIAM Rev., vol. 20, no. 1, pp. 106-119.

D. Lee (1980), "Canonical Ladder Form Realizations and Fast Estimation Algo-
rithms"”, Ph.D. Dissertation, Dept. of Electrical Eng., Stanford University, Stan-
ford, CA

D. Lee, M. Morf and B. Friedlander (1981), “"Recursive Least Squares Ladder Bsti-
mation Algorithms”, JEEE Trans. Circuils and Systems, vol. CAS-28, pp. 467-481.

L. Lerer and M. Tismenetsky (1981), The Bezoutian and the Figenvalue Separa-
tion Problem for Matrix Polynomials, Technion Report, Haifa, Israel.

H. Lev-Ari (1982), "Parametrization and Modeling of Nonstationary Processes”,
PhD. Dissertation, Dept. of Electrical Eng., Stanford University, Stanford, CA.

M. Livsic and A. A. Yantsevich (1979), Operator Colligations in Filbert Spaces, J.
Yiley & Sons, New York.

J. Makhoul (1977), “Stable and Efficient Lattice Methods for Linear Prediction”,
IEEE Trans. Acoust., Speech and Signal Proc., vol. ASSP-25, pp. 423-428.

-48 -




'-———v_—'———-———"“—“

J. D. Markel and A. H. Gray, Jr. (1976). Linear Prediction of Speech, Springer-
Verlag, New York.

M. Morf (1974), "Fast Algorithms for Multivariable Systems”, Ph.D. Dissertation,
j Dept. of Electrical Eng., Stanford University, Stanford, CA.

M. Morf and D. T. Lee (1978), "Fast Algorithms for Speech Modeling"”, Tech. Rept.
No. M303-1, Information Systems Lab., Stanford University, Stanford, CA.

M.Morf and D. T. Lee (1979), “"Recursive Least Squares Ladder Forms for Fast
Parameter Tracking”, Proc. 1978 IEEE Conf. Dé&C, pp. 1328-1367, San = » TA

M. Morf, D. T. Lee, J. R. Nickolls and A. Vieira {1977), "A Classification of Algo-
rithms for ARMA Models and Ladder Realizations”, Proc. 1977 IEEFE Conf. on
Acoust., Speech and Signal Pracessing. pp. 13-19, Hartford, CT.

M. Morf, A. Vieira and D. Lee (1977), "Ladder Forms for ldentification and Speech
Processing’, Proc. 1977 IEEE Conf. D&C pp. 1G74-1078, New Orleans, LA

B. Porat, B. Friedlander and Morf (1922), "Square-Root Normalized Covariance
Algorithms"”, IEEE Trans. Autom. Contr., to appear Aug. 1982.

Yu. Potapov (1960), "The Multiplicative Structure of J-Contractive Matrix Func-
tions”, American Math. Soc. Transl. Ser. 2, 15, pp. 131-244.

E. A. Robinson (1367), Multichannel Time-Series Analysis with Digital Computer
Programs, Holden-Day, San Francisco, CA.

E. Satorius and J. Pack (1981), "Application of Least Squares Lattice Algorithms
to Adaptive Equalization”, IEEE Trans. Comm., vol. COM-29, pp.136-142.

1. Schur {(1917), “Uber Potenzreihen, die in Innern des Einheitskreises
beschrankt sind”, J. fur Reine und Angew. Math., vol. 147, pp. 205-232.

G. Sidhu and T. Kailath, "A Shift-lnvariance Approach to Chandrasekhar, Chole-
sky and Levinson-Type Algorihms", Proc. 1975 Johns Hopkins Conf. on Inform.
Sci. and Systs., pp. 324-327, Balimore, V.D.

G. Szegd (1939), Orthagonal Polynomials, Amer. Math. Soc. Colloq. Pub., vol. 23,
Providence, R.1

VL




N
oo
2

G. W. Stewart (1973). Introduction to Matriz Computations, Academic Press, New
York.

A. C. Vieira (1977), "Matrix Orthogonal Polynomials with Applications to Autore-
gressive Modeling and Ladder Forms”, Ph.D. Dissertation, Dept. of Electrical
Eng., Stanford University, Stanford, CA.

H. Wakita (1973), "Direct Estimation of the Vocal Tract Shape by Inverse Filter-
ing of Acoustic Speech Waveforms”, IEEE Trans. Audio Electroacoust., vol. AU-
21, pp. 417-427.

G. U. Yule (1907), "On the Theory of Correlaticn for any Number of Variables,
Treated by a New Systemn of Notation”, Proc. Roy. Soc., vol. 79A, pp. 182-193.

-48-




S8 . ‘. _AATIO‘N 5; THIS PAGL (When [)uln‘l‘n'u'n--h‘l
REPORT DOCUMENTATION PAGE pEphAD TR s
1. REPORT NUMBER Iz GOVY A7TCLSSION MO | 3 RECZIPIENT'S CATAL Y, nmUMOLR
| . | I P
AFCSR-TR- 82.0481 . [~ - [ 4>
4. TITLE (and Subtitle) ! S TYPE OF REPORY A Pi "7 C')_;.E.L. X
TIME-VARIANT AND TIME-INVARIANT LATTICE FILTERS TECHNICAL
FOR NONSTATIONARY PROCESSES
€ PERFORMING OG. REPORT hoM3ER
7. AUTHORS) 8 CONTRACZT CR GRAN® n_marR o
Thomas Kailath F49620-7<%-C-0058
9. PERFORMING ORGANIZATION NAME AND ADDRESS 10. PROGRAM ELEMENT PR ,EIT, Tagw
Depar:nment of Electrical Engineering AREA 8 WORK UNIT MuMER RS
Stanford University PE61102F; 2304/A6
‘Stanford A 94305 X
1. CONTROLULING OFFICE NAME AND ADDRESS 12. REPORT DATE
sathematical & Information Sciences Directorate MAY 82
Alr Iorce Office of Scientific Research 13 NUMBER OF FAGES
Boliing AFB DC 20332 48
14 MONITTRING AGENCY NAME & ADORESS(1! dillerent trom Conte. no & Olicey 19 SECURITY JLASS (uf 1.5 repaer; .—VJ
UNCLASSIFIED
e T TECLASSAICATION C2anGAATING
SCHEDQULE

16. O:STRIBUTION STATEMENT (of this Report)

Approved for public release; distribution unlimited.

17. LISTRIBUTION STATEMENT (of the abstract entered in Block 20, :! dilletent from Report)

18 SUPPLEMENTARY NOTES

19 KEY WORDS ({Continue on reverse side if necessary and identlly by biock number)

Time-variant lattice filters; time-invariant lattice filters; nonstationary
pronesses; whitening and modeling filters; Cholesky decompositions.

20. ABSTRACT (Continue on reverse side Il necossary and sdentily by Mo k number)
Tre structure of secong-order processes is exposed by specification of whiten-
ing filters and modeling filters, or equivalently by Cholesky decompositions of
the covariance matrix and its inverse. We shall show that these filters can be
obtained as a cascade of lattice sections, each specified by a single so-called
reflection coefficient parameter. For stationary processes, the reflcction
coefficient will be time~invariant. For nonstaticnary processes we can use the
displacement rank concept either to find a simple time-update formula for the
refiecticn coefficients or to replace them by a time-invariant vector reflection

L (CONTINUED)

DD ,55%"; 1473  toition oF 1 nov 68 15 0BsOLETE

& iv.

SECIMITY CLASSIFICATION OF Thiy #AGE (Waen Daa Frrecod

hathn 1 o dbaliade’c( arv: P PP T ——— - - m———— e e s

. ~——— ' i

S ——— . EG——————




-

A )

. 14
[ ) R —_ - o ——
B

.
€. . e e A0 i ouy
N e . .

ITEM #20, CONTINUED: coefficient of size governed by the displacement rank of
processes, )

These results are obtained in a quite direct way by using a geometric (Hilbert-
space) formulation of the problem, combined with old results of Yule (1907) on

update fermulas for partial correlation coefficients and of Schur (1917) on the
classical moment problem.

UNCL
SECURITY CLASMPICATION OF TV'® PAGEL(When Dats Enteree)

N oW

g

R el rer

s

an






